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Glasses in hard spheres with short-range attraction
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We report a detailed experimental study of the structure and dynamics of glassy states in hard spheres with
short-range attraction. The system is a suspension of nearly hard-sphere colloidal particles and nonadsorbing
linear polymer which induces a depletion attraction between the particles. Observation of crystallization re-
veals a reentrant glass transition. Static light scattering shows a continuous change in the static structure factors
upon increasing attraction. Dynamic light scattering results, which cover 11 orders of magnitude in time, are
consistent with the existence of two distinct kinds of glasses, those dominated by interparticle repulsion and
caging, and those dominated by attraction. Samples close toAthpdint” predicted by mode coupling theory
for such systems show very slow, logarithmic dynamics.
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[. INTRODUCTION native variable to describe the composition of the sydi&n
The presence of a short-range attraction in hard spheres
Glassy states are found in many systep However, widens the equilibrium fluid-crystal coexistence region in the
understanding the glass transition is still a major challeng@hase diagrani9,10], and introducegnonequilibrium gels
for statistical and condensed-matter physics. Simple andt low volume fraction§11,12 and a reentrant glass transi-
well-characterized models hold an important place in thigion at high volume fraction13—23. In this paper we re-
field. The glass transition in the simplest model colloid, aPOrt & comprehensive study of structure and dynamics in the

suspension of hard spheres, has been studied in detail fyjcinity of this reentrant glass transition in a model colloid-
more than a decad@—#6]. The phase behavior of a system of polymer mixture: sterically stabilized polymethylmethacry-

N hard spheres of radiuR in volumeV is determined by a Iativpartlclgsl_vmh adt(ileo_l Imtear tptzjlyi'tr)]/re[ltﬁa].t f colloid
single variable, the density or volume fractiorb € used lignt scattering fo study the structure ot coliolds
— 3 . . by measuring the static structure fact85H, S(q), which is
=(4/3)7R°N/V. Increasing¢ drives the system from a : X ' .

. . ) effectively the Fourier transform of the pair correlation func-
stable fluid to a fluid-crystal coexistence, and then a fully,

. . . 2tion. Dynamic light scattering was used to obtain the normal-
crystallized phas¢2], which should be the thermodynami- ized CB(/)IIective gdynamic stgructure factdDSP, (q,7),

cally favorable phase up t¢= 77/3\/5“0-74- However, at  \yhich measures the time correlation of particle density fluc-
¢= $4~0.58, hard spheres fail to crystallifg—4]. Thisis  yations at wave vectoq after delay timer. Our results
usually interpreted as a glass transition due to the caging fgree in broad outline with previous experimental studies
particles by each other. The most successful theoretical agmd the trends predicted by MCT, while the detailed nature
count given of this transition to date is from mode couplingof our study and the very wide time window of our measured
theory(MCT) [4,5]. Within this framework, the coupling be- DSFs(11 orders of magnitudetogether shed new light on
tween different density fluctuation modes drives the systenthe nature of the re-entrant glass transition in sticky hard
into a dynamically arrested stajté]. spheres. Preliminary reports of some of these data have been
More recently, the focus of attention has moved on to hardjiven beforg[18,25.
spheres with a short-range attraction. Besides being a good
model for understanding the fundamentals of the glass tran- Il. EXPERIMENTAL METHODS
sition, such ‘sticky hard spheres’ are also ubiquitous in ap-
plications. Attraction in hard spheres can be realized experi-
mentally by adding nonadsorbing polymers to colloids. The The colloidal particles used in this study were polymeth-
center of mass of a polymer coil of radius of gyratigpis  ylmethacrylate (PMMA) spheres sterically stabilized by
excluded from a zone of widthk r 4 from the surface of each chemically grafted polyd2-hydroxystearic acid (PHSA
colloid. When two colloids come close enough to each othetlispersed ircis-decalin[26]. The solvated PHSAz 10-nm
so that their polymer-excluded regions overlap, the imbalthick, produces a nearly hard-sphere interaction between the
ance in polymer osmotic pressure pushes them together. Thislloidal particleg27]. The particle radiusR=202nm, was
effective “depletion” attraction is well describeld] by the  determined from the lattice spacing of the crystal phase at
Asakura-Oosawa forni8]. Its dimensionless range can be fluid-crystal coexistence, taking the crystal to be @t
estimated by the ratig=ry/R, while its strength is gov- =0.545. Particle size polydispersity was 0.069, measured
erned by the concentration of polymer coils in the free vol-from the apparent angle dependence of the diffusion coeffi-
ume available to them;gee. The free volume depends on the cient in a dilute suspensidi28].
exact structure of the suspension, and is not an easily ob- The colloidal volume fraction was calibrated by measur-
tained experimental parameter. However, the concentratioimg the amount of crystal phase in the coexistence region and
of polymer in the whole systenc,,, can be used as an alter- taking the fluid and crystal volume fraction to be at 0.494

A. Sample preparation
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and 0.545, respectively. Samples of the volume-fraction- Two lasers of different wavelengths, blukg=488 nm)
calibrated stock were also weighed and dried in a vacuunand green X¢=514.5 nm), and two detectors with filters
oven to determine the particle’s effective density, which wasvere used in what were essentially two separate but simul-
then used in subsequent calculations of the volume fractiotaneous scattering experiments on the same scattering vol-
of samples prepared from the stock. The stock volume fracume. The incident and scattered beams were arranged such
tion was also recalibrated from time to time by drying andthat the scattering angle#; and 6 were different but the
weighing. scattering vectors were identical, i.gjg=0¢=0, where

To induce attraction between the colloids, we added nonldl =4n sin(@2)/x and n is the refractive index of cis-
adsorbing linear polystyrene. This well-characterized modefl€calin. The outputs of the two detectors were cross corre-
colloid-polymer mixture has been studied extensively ovefl@t€d to give the intensity correlation functiéiCF)

the last decadf24]. The polymer used was purchased from (16(9,0)1 (g, 7))
Polymer Laboratories and had a molecular weightMf g@(q,7)= % (1)
=370000 daltons. lIts radius of gyration mis-decalin at (la(@)Xle(@))

20°C was calculated from the data in Rg29] to berq  \yhere|, andl are the scattered blue and green intensities
=17.8 nm. Thus the dimensionless range of the depletioRegpectively, and the angled brackets denote ensemble aver-
attraction isé~r4/R=0.09. ages.
Colloid-polymer mixture samples were prepared by mix- | this arrangement, it can be sho82] that only the
ing stocks of colloids and polymers with known concentra-singly scattered light of each color probes exactly the same
tion and solvent by weight. Sample volumes were aboufFourier component of the density fluctuations and thus are
1 cn?. Knowing the density of each species permits calcu-correlated. All other, multiply scattered, light does not probe
lation of the final composition. the same component for both colors and is completely un-
The main uncertainty in sample composition comes fromcorrelated and thus does not contribute to the time depen-
a systematic uncertainty in the calibrated volume fraction ofdence ofg‘®(q,7). This can be expressd82] in terms of
the colloid stock. This is because the volume fractions otthe normalized single scattering dynamic structure factor
coexisting fluid and crystal phases for slightly polydispersef(d,7),
hard spheres are slightly different from those in a monodis- @) 5y o )
perse colloid, but the exact values are unceriaf,31]. 9'7(q,7)=1+p"Bud f(a,7)]" )
However, all samples were prepared from the same stocks of
colloids and polymer solutions, or stocks calibrated againsYV

each other. Some samples were also derived from others in% : . .
. of the scattering volumes probed by each color. This factor is
controlled way(see next paragraphTherefore despite some . .
instrument related and dependent on scattering angle but not

systematic uncertainties in the estimation of absolute volume .
: . : T on the sample used. The other faggj reflects the fraction
fractions due to polydispersity, the uncertainties in sample . . g S .
” ) of singly scattered intensitie¢lz) and(I2), relative to the
compositions relative to each other were mostly from ran-, , . ) ro
. - - . total (singly and multiply scattered intensities:

dom errors in weighing. These uncertainties are below 1% in

the worst case and are insignificant in this work. <|s><|s>
Samples were tumbled for prolonged periods of time to fﬂszg_ (3)
ensure proper mixing of the components. After homogeniz- (le)(le)

!ng, as.mall amount of each sample was trapsferred to .?"mml"he concentration of polymer in our samples is low. The
inner diameter glass tubes and sealed for light scattering e%-

here the factop? depends on the ratio of detector area and
herence area for single scattering and also on the overlap

) igh tio of i it t f I that f
periments at 20°C. The rest of the sample was then le Ighest ratio of intensity scattered from polymer to that from

undisturbed for visual observation of any phase transition oIIq|d was measured to p@<4;|_073. This highest ratio or)Iy
until sedimentation appeared. Then some samples may bi{p“ed for one samplet{ in Fig. 1) at the lowest scattering
diluted with solvent while other.s were left opened for solvent gle. The_refore we assume that the_scattered intensity is
to evaporate before rehomogenizing. In this way, a sequen from colloids only. Under these condmpns, our measure-
. ’ I ’ YHents probe the structure and dynamics of the particles

of samples, some very close in composition, could be P 10ne
pared. The static structure factor was measured with the proce-

) ) dure described in Ref33]. First, the total average intensi-

B. Light scattering methods ties, (Ig) and (Ig), and the interceptB?B8%s=9)(q,0)

The slight difference in the refractive indices of PMMA —1, of a concentrated sample of interest were measured at
andcis-decalin(1.49 and 1.48, respectivelyvas enough to different scattering vectorg. The sample was rotated con-
render all of our samples turbi@ransmission coefficients tinuously during the measurement to ensure ensemble aver-
~20-40%). We therefore used two-color light scattering toage. Since the rotation only changes the time dependence of
extract the singly scattered component. The detailed experg(®)(q,7), the intercept and average intensity were not af-
mental arrangement and data analysis for this method havected. It was found that it was necessary to average mea-
been described elsewhdi@2]. Here we just summarize rel- surements at different height in the sample for nonergodic
evant procedures. samples to reduce random noise from the finite number of
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5 L only measured fluctuations in a small subspace of the whole
| B g 1 - configuration space. Explicit ensemble averaging was there-
A T . " ®H fore required, and was performed by two methods. For short
4+ R o\\\ times (107 s<7<20s), brute-force ensemble averaging
| i 0 aer was done. Several hundrégypically between 500 and 865
3w of time-averaged ICFsg{®)(q,7), and associated scattered
o 3 \\ Feo " intensities,l g; andl g, were measured, each for a duration
5 | © S anm of 40-60 s. Between each measurement, the sample was ro-
2 £, K tated by a small angle to a different position so that each
| T swhisn ngw @J time-averaged ICF sampled a different Fourier component.
o | o fuidoysta v, The ensemble-averaged ICF was then constructed as
v fully crystallised C?. @I
1| = gevatiractive glass 2 b g(z)(q e (gl Gtg§2)(qa ) ©
+ (both) glass ’ VT)= 7 N v -
| | ® repulsive glass /// °° < I Bt>< I Gt)
0 [ B G Qe TG00 @ Q@ For longer times £>1 ), echo DLS was used. Details will
03 — 0!4 E— 0?5 - 0{6 1 0.7 be gi_ven elsewh§@4]. It essentially in_volves ensemble av-
volume fraction ¢ eraging by rotating the sample continuously at a constant

speed and correlating the intensities at a small range of delay
FIG. 1. Equilibrium and nonequilibrium behaviors of a colloid- times around exact multiples~nT, of the rotation period

polymer mixture of§=0.09. Open symbols are those that reachedT, where the correlation function shows “echo” peaks. The
thermal equilibrium(fluid, fluid-crystal coexistence, and fully crys- rotation decorrelates the ICF very quickly at smallHow-
tallized. Other samples did not crystallize: some showed characterayer, after a whole number of revolutions, the sample comes
istics of hard-sphere glasses at the onset of sedimentéfiiad  p5ck to the same orientation and the ICF recovers to a value
C|_rcles), some showed those of attraction-driven glasses and gelf‘hat is dependent only on the dynamics of the particles in the
(filled squarel and some showed botpluse3. Dashed curves are sample over that period of time. This gives rise to peaks in

guides to the eye showing the observed boundary where crystalli[he ICF at7=nT. The maxima of these peaks follow the

zation ceased. Light scattering data for marked samples labeled .
) 2 o ensemble-averaged dynamics of the sample because the ob-
A-K are shown in the following figures. This diagram has been

shown in Ref[25]. tained ICF is an average over thousands_ of independ(_ant

speckles per revolution. We also correct for imperfections in
speckles sampled. Then the same measurements were mam rotatio_n using the area under each echo instead of the
on a dilute suspension of knowg to obtain the single- echo maximuni34]. The corrected ICF at,=nT was cal-

. ) . . 2)
particle form factor. The volume fraction of this dilute culated from the measured IQf(q,7) as

sample waspg;=0.01, small enough that multiple scattering A()
can be ignored, so that the measured intercept contains only g@(q,7,) = —n[gﬁf)(q,O)— 1]+1, 7
the instrument related factog?=g{%)(q,0)— 1, which was A(7o)

the same as that in the measurement of the concentrat
sample.

The static structure factor is the ratio of singly scattere
intensity per particle from the concentrated sample to tha
from the dilute sampleS(q)=((15)/¢)/({14i1)/ bgi)). This
was calculated by taking into account multiple scattering an
attenuation of light through the sample

%ere A(7,) is the area under the echo aroumg=nT,
(r)=/19?(q,7)—1]d7. The DSF was then obtained
rom the corrected ICF in the usual way from E§).

We used echo DLS to measure dynamics in the range
T 1-10" s. Since the rotation used introduces slightly differ-
ent alignment in the DLS setufhence differentg?), the
resulting intercepts are different from those obtained by

ATeaToan ayla)B2Bs brute-force ensemble averaging. Therefore we scaled the in-
S(q)= Pai TeaiTean V{le)(lo)B BMSZ, (4)  tercept of the echo DLS results by an arbitrary fagtorthe
¢ JTeTe  (lgai)lcan)B range of 1-2 so that the resulting DSF from both methods

. . . matched in the region of overlap.
where T is the transmission coefficient of the sample, and

subscriptsB,G are for blue and green light, respectively.
Dynamic light scatteringDLS) aims to measure the dy-

namic structure factorf(q,7). This can be extracted from A. Phase diagram

normalizing the ICF using Eq2):

Ill. RESULTS AND DISCUSSION

The equilibrium phase diagrams of colloid-polymer mix-
2 tures at different values af are well known[10]. The non-
g7(aqn-1 (5) equilibrium behavior of systems wité=0.1 at low volume
9?(q,00-1 fractions (<0.2) has been studied befdrkl,12). Here we

concentrate on the higher volume fraction regi@=0.3).
However, since most of our samples were either nonergodic Many samples were prepared in a range of compositions
or had very slow relaxation times, the time-averaged |ICFof interest. After being homogenized by prolonged tumbling,

f(q,7)=
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samples were left undisturbed for observation. Because thiailure to crystallize had a reentrant shape.
sizes of colloidal particles are similar to wavelengths of vis- In pure hard spheres, crystallization ceases at essentially
ible light, colloidal crystals can be seen with the naked eyehe same volume fraction as wheféq,«~) first becomes
as iridescent specks. nonzero, i.e., at the glass transitif®4]. If this coincidence
Our observations are shown in Fig.(These observations still holds for attractive hard-sphere systems, then we have
have been presented and briefly discussed bdRfig) In observed a reentrant glass transition in hard spheres with
agreement with equilibrium theory9] for systems with short-range attraction.
short-range attraction, we observed an expansion of the Previous studies of sticky hard spheres by MT,21]
fluid-crystal coexistence region upon increasing polymefand computer simulatiopl8,19 suggest that the reentrant
concentratioridiamonds. To the left of this region is a stable hehavior is due to two different mechanisms of glassy arrest.
fluid phase(triangles and to the right is the fully crystalline The heuristic picture is as follows. In the “repulsion-
phase (inverted triangles These observations also agree dominated” hard-sphere glass, particles are caged by their
with previous experiments on similar systef]. neighbors at high enough volume fraction. Short-range at-
_ However, samples with very high colloid volume frac- 4ction clusters the particles of the cage and opens up holes,
tions and/or polymer concentrationiilled circles, squares, ,imately melting the glass. However, increasing the attrac-

and Crossesf"?‘"e.d to crygta_lhze for Weeks to mor_1ths €VeN tion further leads to an “attraction-dominated” glass where
though equilibrium statistical mechanics predicts either

X . o .. particles stick to their neighbors with long-lived bonds. In
flgld-crystgl coexistence or full crystallinity. Samples with this terminology, samplea andB are repulsive glasses and
high colloid volume fractions and low polymer concentra-F_H ttracti | S ek t lie in th i
tions(circles in Fig. 2 showed all the characteristics of hard- . aré atlractive giasses. samples. must fie in the re
sphere colloidal glag®,3]. Weeks after homogenization and gion whe_re_these wo types of _glass merge as the)_/ show
left undisturbed, sedimentation showed its effect: very thincharacteristics of both types, with further evidence in the
layers at the top of the samples developed heterogeneoﬁ@nam'cs shown_ln Se<_:. II! C._Th_e nex_t sections, with results
crystals due to the boundary effect of the meniscus and graftom light scattering, will give insights into the structure and
ity. Samples denoted by squares in Fig. 1, with high polymeflynamics of these glasses, and the nature of the reentrant
concentration and moderate colloid volume fraction, showedransition between them.
signs of transient gels. They collapse under gravity after
some “latency time” as observed previously in similar sys- B. Static structure factor

tems [11’1.2' H_oweyer, the amount pf coll_aps_e decreased We measured the SSFs of the samples whose symbols are
and transient time increased dramatically in higher volume..

fraction samples. For concentrated samples with colloid voI—C'rded in Fig. 1 N(_)te that samplds-E were measur.ed as
etastable fluids, i.e., before any crystal nucleation took

ume fraction above 0.55, it took more than 4 weeks to se&’ . !
tiny collapses of less than half a millimeter at the very top ofPlace. Consider first the results for a sequence of samples
the meniscuses in-2-cm high samples. These collapses(A-H) with $=~0.6, Fig. 2. These samples span the reentrant
were distinguished from normal sedimentation by their char9!ass transition line where the crystallization behavior
acteristic sharp and nonflat boundary between the collapsedlowed dramatic changes. However, no reentrant behavior
material and a clear supernatant. No crystallization was obc@n be seen in the SSF. Instead, there are only gradual
served in these samples however long they were left undigshanges upon increasing the attractive interaction. These
turbed. Interestingly, for noncrystallizing samples with verygradual changes have been predicted by th¢ai, and
high colloid volume fraction and polymer concentration observed before in other experimental syst¢8¢.
(crossey characteristics of both hard-sphere glass and tran- The most obvious and most easily quantifiable changes
sient gels were present. After 4—8 weeks, tiny collapses werare in the height and position of the main peak. Broadly
seen, and also a thin layer of crystal phase appeared juspeaking, and taking experimental uncertainties into account,
under the collapsing boundary. the peak reduces in height and shifts to highewhen the
Consider a sequence of samples of similar colloid volumeattraction is increaseldnset of Fig. 2a)]. In detail, the peak
fraction and increasing attraction, for example, samplé$é  position g* remains constantat g* R~3.8, samplesA-D)
in Fig. 1 with ¢~0.6. According to thermodynamic equilib- until just before we enter the attractive glass regisample
rium theory, all these samples should crystal(i2¢ Sample E), whereupon it increases by5% to reach another con-
A without polymer was a glass. Sampk with a small  stant value §* R~4, samplesF-H). These samples have
amount of polymer was also a glass as no homogeneowpproximately constanp (in fact it decreases slightly from
crystallization was observed for 4 weeks and only heterogeA to H, Fig. 1). The increase ig* is the result of a signifi-
neously nucleated crystals at the meniscus were observednt fraction of neighboring particles becoming trapped in
after 13 days. However, samp@ with ~1.4 mgcm® of  each others’ narrow depletion potential well when the attrac-
polymer completely crystallized in 1 day. This means thetive glass forms. Quantitatively, a 5% increasegin corre-
glass transition line has moved to highgr a trend that has sponds to a 15% increase in the local packing fraction, from
been observed befol5]. Failure to crystallize was seen 0.6 to 0.69; the latter is the random close packing volume
again for samples with polymer concentration abovefraction for our system(measured by spinning down a
~2.5mgcem?! (samplesF, G, H). The behavior of all the sample of knownp). In other words, the nearest particles in
samples in this region taken together show that the line ofhe attractive glass are practically touching.
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FIG. 3. Static structure factors of sample& with ¢~0.64.
The inset shows the same data with a logarithmic vertical axis.

Note that all three features considered, S(q*), and
S(qmin), remain virtually constant for all three attractive
glass samples--H. Once particles drop into each others’
narrow attractive potential wells, any furthetructural
changes will be hard to resolve. We shall see, however, that
the dynamicscontinue measurably to evolve from sample
to sampleH: in this regime of almost-touching nearest neigh-
bors, a very small change in the structure has very large
dynamic consequences.

All the qualitative features we observed in the evolution
of the SSFs for samplea-H are also seen in the SSFs for

function of dimensionless wave vectgR. The lines are guides to samples -K at the higher VOI.um? fraction @%0..64, Fig.

the eye.(a) The peak positio* shifts to higherg, while its height 3. However, the effects are significantly Iess_, 0b\_/|ous, largely
reduces and width increases upon increasing attraction. The insBCause the range of polymer concentration is now much
shows the peak positions and heights of these static structure factopsh@ller ande is higher. At lowq, the values o5(qpn) are

as a function of polymer concentratiofn) The same SSFs plotted lower than those of similar polymer concentration but lower
with the logarithmic vertical axis showing the increasesf)) at ¢ (C-E) [Fig. 2(b)]. This is because at higher volume frac-
low g. The inset shows$(q) at the lowest wave vectafR=1.50.  tion, a tight local clustering of some particles does not create
Vertical dashed lines in both insets indicate the glass transition§0 much room elsewhere—there is less space for developing
observed in Fig. 1. heterogeneities.

S(@)

100

FIG. 2. Static structures factor of samplésH (¢~0.6) as a

The clustering of particles at constant volume necessarily C. Dynamic structure factor
implies that the average number of nearest neighbors should Our goal is to study how the polymer-induced depletion
decrease, and that “holes” are opened up to render the struattraction affects the particle dynamics. But the presence of
ture more inhomogeneous on the spatial scale of a few pathe polymer influences the dynamics in another, essentially
ticles. The former is reflected in the decreas&(n*). Sig- trivial, manner—by increasing the effective viscosity of the
nificantly, upon increasing the attraction from zero, themedium in which the particles diffuse from that of the pure
decrease in the peak height starts at the point of the meltingolvent,»,=3.23 mPas, to that of a polymer solutian, 7,
of the repulsive glass, and continues until we enter the atat concentratiorc‘gee. To determiner,, we measured the
tractive glass region, whereupon the peak height remaingiscosity of pure polymer solutions with a miniature
constanfinset Fig. Za)]. suspended-level viscometer, Fig. 4, and used a quadratic fit
The increased heterogeneity is reflected in a rise in théo the data to obtaimy, for our samples. The value cﬂe‘?n
SSF at lowg, Fig. 2b). The smallestj we have studied was each sample was estimated framy, ¢ and ¢ using an ap-
dminR=1.50, corresponding to a length scale of about 4 parproximate expression based on scaled-particle thgdry
ticle’s radii. The value of5(q,,,) increases nearly exponen-  The rate of dynamical decay at wave veataitepends on
tially with the polymer concentration between sample&  the length scale being probed; in dilute systems it scales as
[inset of Fig. 2b)], and thereafter remains constant. The in-g2. Thus, in order to compare the dynamics of different
creased density fluctuations at this length scale correspondamples at different wave vectors, and to highlight the effects
to the opening up of holes due to particle clustering. of the attraction, we scaled the delay time variable of the
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DSFs by the relative viscosity;, and the dimensionless

wave vector R)?, so that DSF is presented as a function of 29

the ‘scaled time’ R)?7/ 5, . Note that for the lowesq stud-

ied, the scaled time is very close to the real time, while atthe

highestq, it is increased by about an order of magnitude.
We found agind 37] in all noncrystallizing samples. The

dynamics slowed down with the “waiting time”—the time

interval between the cessation of tumbling and the beginning™

of measurements, Fig. 5. It is known that the hard-sphere

glass age$38]. We found that the rates of aging in different

glasses were different and that its effects were complex. Re 092

pulsive glasses aged only in the first day or two, after which

they did not evolve within the time window of the measure- 090 —~——»_—1—1-—1

ments. Attractive glasses, on the other hand, showed differ 107 107 100 107 10 107107 107 107 107 10

ent dynamics with age for up to 10 days. Aging is compli- (@R)"em, (s)

catgd eno_ugh to be the s.ubject. of a separate study and was FIG. 5. Aging in samples, G, andH at qR=2.93. The legend

nmojéﬂvzztlgztses(ijblsgsttﬁ??gﬁigy (Ia?fg(;ltz Vé?]rka;]oaﬁiliguna:,fsﬁl‘:’indicates the waiting time between the end of tumbling and the start
oy . L o . f measurements. The DSFs slow down and the points of inflection

within practical limits of waiting time, we present DSFs of . .ome clearer with increasing age of the samples.

glassy samples with age between 1 and 4 days. The dynam-

were in the metastable state well before the appearance g{e to random close packingi.e., the same drep

crystallization. Below we first show results of different — ) drep, SiNCe G,y differs according to the polydispersity
samples at the same, then at differentq for the same f the colloids[40].
sample. With a small amount of polymer added to the hard-sphere
glass, sampl® shows the same qualitative dynamics. Quan-
titatively, however, the height of the plateau is lower,
The DSFs of sampleA-H at qR=1.50, Fig. 6, clearly f(q,%)=0.62. This indicates that particles B are not as
evolve nonmonotonically with increasing polymer concen-restricted as irA, i.e., the cage is loosened by the attractive
tration and show reentrant behavior. Briefly, sampgles\dB interaction, but still remains closed in our time window.

0.96

q,7)

0.94 —

1. Constant scattering vectors, variable compositions

are nonergodic within our time window, while samplesE The DSF of samplé€C decayed completely ifa “scaled
are ergodic(their DSFs decay completely to zeroand time” of) about 1000 s, as did those for the other crystalliz-
samples=-G become nonergodic again. ing sampled andE. It is interesting to note that the DSFs of

In detail, the DSF of sampld, a pure hard-sphere glass, these three samples slow down upon increasing polymer
shows a plateau dt,(g,)~0.7, corresponding to particles concentration but all reach zero at about the same scaled
getting “stuck” in their nearest-neighbor cages. This can betime. The DSF of sample C shows the remnant of a plateau
compared with previous woll4,39]. Note that in doing so, it at a scaled time o010 s. The DSFs for samplds and E
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FIG. 7. DSFs at the peak of the SSFs for samp@led. The

samplesA-H spanning the reentrant region. The time axis is scalednset shows the same plots on an expanded vertical axis.

to dimensionless length scalgR)? and relative polymer solution
viscosity », . The inset shows the same plots on an expanded verl-3
tical axis.

SFs at least 10s to reach zero. The DSFs of sampi@s

andH show points of inflection; that for sampl¢ is clearer

exhibit a very stretchedingle decay, rather than a two-
stepped process. This is unusual behavior for a fluid at vol
ume fractiong~0.6 (at least at first sight

The intermediateB, and long-timegq, decays in a dense
hard-sphere fluid are attributed to particles “rattling” in their
local neighbor cages, and escaping from these cages, respéi
tively [4]. Attraction hinders the rattling by trapping particles 9
in potential wells, but accelerates the cage opening by clu
tering. At some polymer concentratiorfor attraction
strength), the two time scales coincide. If at this point the
attraction alone is not enough to trap the system in a none
godic state, we will observe the melting of the repulsive
glass into an ergodic fluid dominated by attraction. This is
the case for sampl€, where thex and 8 decays are barely
distinguishable in the DSF. At higher polymer concentra-
tions, the cage concept is no longer appropriate for describ-
ing the particle dynamics—for it to be valid, a particle has to
rattle many times in a cage before it opens. Note that this is
a distinctive feature of dense fluids wiihort-rangeattrac-
tion. In a dense fluid witlong-rangeattraction, the effective
potential well experienced by any particle due to its neigh-
bors is essentially flat. This addg@egative constant to the
free energy, so the phase beha\i4t] and dynamics of the
system are still controlled by repulsidar, equivalently, en-
tropy).

Note that the shape of the DSF of sample CgR
=1.50 is similar to that shown in curve 2, Fig. 11 of Ref.
[17]. This DSF was calculated gR= 2.1 for a sample in the
reentrant portion of the state diagram in a system jhsit
shows a glass-glass transition andAgrpoint. Recent calcu-
lations for colloid-polymer mixture$21] suggests that our
system, withé~0.09, should show exactly these features.

The DSFs of sampleB-H are, once more, nonergodic in

f(q,7)

us

and occurs af =0.995—a very high value compared to the
plateaus in hard-sphere glasses. These high points of inflec-
tion can be associated with dynamics originating from par-
ticles rattling in very narrow attractive potential wells.

At other wave vectors, Figs. 7 and 8, the DSFs behave in

similar way, namely relatively low plateaus in the repulsive
assesA and B, complete decay in the metastable fluids
Sg-
however, that at the peak of the corresponding SSFs, the
PSFs for sample€-E are barely distinguishablg-ig. 7).

E, and extremely slow dynamics in the attractive glasses
H, with very high points of inflection irfG andH. Note,

The plateaus in the DSFs of the repulsive glasses can be

ed as a measure 6fqg,), the nonergodicity parameter.
1.0

L v A
A B
L °o C
0.8 = T
o E
L e
G
0.6 — « H

04—

0.2

@Rt (5)

FIG. 8. DSFs of sampleA-H at qR=4.30, to the right of all

our time window: they do not decay completely even afters(q) peaks. The inset shows the same plots on an expanded vertical
10* s. Simple extrapolation indicates that it would take theseaxis.
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FIG. 9. The measured nonergodicity parameté&f¥)(q,), at ! H :
different wave vectors as a function of polymer concentration in 0'9970_0 0.2 0.4 0.6 0.8 1.0
samplegleft to right) A, B, G, andH. The dashed lines indicate the (qR)zr/nr(lo'3 s)

glass transitions observed in Fig. 1.
FIG. 10. The short-time dynamics of samplésH at gqR

An estimate of this quantity for the attractive glasses is more_ 1.50. The straight lines are fits to the linear part of the DSFs at

roblematic. partly due to sianificant ading in our ime win- 7—0. The dynamics departs from an initial diffusive regime pro-
g T P d y thg luefat ?h 9 int of infl gressively earlier upon increasing attraction. The short-time diffu-
t'(c))\r,lv. aso gr(;c?reog;avgl: us: caellv'ilie the “gg;"sn rgﬂ'ltr]] e)c- sion coefficient in the limitr— 0 is also reduced significantly.

i u ;W [ u y®©

=fM)(q,). The evolution off™(q,=) with increasing tightly by the attractive potential wells that the DSFs display

polymer concentratiorisamplesA-H) is shown in Fig. 9. nonlinearity almost immediatelycf. also insets of Figs.

The nonergodicity parameter decreases slightly when movs—g).

ing from A to B, away from the hard-sphere glass. When Moving to the(shortej sequence of samples at the higher

attraction melts the repulsive glas$™)(q,2)=0 for  volume fraction of¢p~0.64 and closer to the intersection of

samplesC-E (not shown. SampleF did not crystallize and  the two glass transition lines, sample& in Fig. 1, we see

showed non-ergodic dynamics up to*19but did not exhibit  the emergence of remarkably stretched out, extremely slow

any discernible point of inflection in its dynamics. Samplesdynamics. Consider first the datag®R=1.50, of Fig. 12. In

G and H had extremely high nonergodicity parameters ofterms of short-time dynamicénset of Fig. 12, samplesl

nearly 1. A “jump” in f(g,%) when moving from repulsive andJ are comparable to sampl&€andD, while sampleK

to attractive glass was predicted by MQFig. 7 in Ref.  shows a behavior intermediate between those of saniples

[17)). andF. At intermediate times, the decay is linear with respect
The evolution of the short-time dynamics of the wholeto the logarithm of the scaled time. Thereafter there is an

sequence of samples is also interesting. Figure 10 shows thecipient

short-time behavior of the DSFs fok-H at large length

scale,qR=1.50, where experimental noise is lowest. Note 3 ' 1 ' I R S I ' 92

the very small vertical interval, 1.000 to 0.997, spanned in -0 DyD 2 S - o ]
this figure; thus only the first 0.3% of the decays of the DSFs L : & H(Q
are being analyzed. The DSFs of repulsive glagsesdB - 0.15
possessed relatively long linear parts, corresponding to the 2{~ 4
first term in 7 in the expression derived from the Smolu- - | -
chowski (many-particle diffusion equation[42]: f(q,7)=1 % L o - —101
—[DoH () 7,5(q)1g?7+ O(7?), where D, is the free- -
particle diffusion constant in pure solvemtith no polymey, 1=
Do=kgT/67m 7R, and H(q) is the hydrodynamic factor. ()
This linear regime of the DSFs indicates that at short time, L
individual particles still diffuse freely without the influence &
from direct interaction with their neighbors. The change in 0 1 2 3 4 50
limiting slope asr— 0, or the short-time diffusion coefficient
D<(q)=DgH(q)/S(qg), can be almost entirely explained by

the change ir§(q) (Fig. 11), including the strong decrease  FiG. 11. The normalized short-time diffusion coeffici&n/D.
on entering the attractive glass regime. What is more interircles, left scalg static structure facto(q), and hydrodynamic
esting is that the dynamics depart from free diffusion pro-factorH(q) (right scal¢ atqR=1.50. D andS(q) were extracted
gressively earlier upon increasing attracti&ig. 10. In fact,  from Figs. 10 and 2, respectively. The decreas®inis nearly in
for the attractive glassds-H, the particles are confined so line with the increase i15(q) so thatH(q) only increased slightly.

S(q), H(g)

(o]

—0.05

0
a
on
<

c, (mg cmrS)
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@Rt ) C
FIG. 12. The DSFs agR=1.50 for samplesl-K with ¢ = 08
~0.64. Extremely stretched relaxation is found in all three samples [ qﬁf;gg
with logarithmic decay over long ranges ef(straight line$. The L : 3*1;:'3 a1
inset shows the short-time dynamics, which deviate from the diffu- %7 qR:4.(;3
sive regime from very early times. N » gR=4.30
06L L | | l L | 1
; L ; 10 10t 100 102 100 10 100 100 100 10t
plateau atf~0.7 in samplel, reminiscent of the plateau in

) R)“Tn_(:
repulsive glasseé andB, before a further decay, but never Ry, 6

beyond ~0.62 in our time window. There is no incipient  F|G. 14. The DSFs of sampldsandB at differentq vectors,q*
plateau for the other two samples. Note that the DSF obienotes the peak position of the static structure fas{ay). The
sample | shows aspects of the behavior of repulsion-general shape of the DSFs are very similar. Horizontal lines denote
dominated glasseflong time and a fluid dominated by the height of the platea@nonergodicity parametershat are plotted
short-range attractiorshort timg. The two regimes are in Figs. 9 and 18.

“bridged” by a stretched log-time decay.

At the peak of the SSF, Fig. 13, sampldehaves in a incipient plateau as high as0.993(inset of Fig. 13 before
similar way at short to intermediate times, while there is noturning over to decay more rapidly in logarithmic time.
incipient plateau at long times. SampléandK develop an The fact that these samples show extremely stretched-out
dynamics, logarithmic in time, suggests that they are very
close to theA; critical point predicted by MCT, where the
repulsive and attractive glasses become indistinguishable

[15,17,22. In particular, the shape of the DSF of sample | at
L0 gR=1.5 is comparable to curve 3 in Fig. 11 [df7], calcu-
*T~ lated atqR=2.1 for a sample on the repulsive glass transi-
tion line very close to where it intersects the attractive glass
- % transition line for a system that just shows Aagsingularity.
1.001 b e This is not inconsistent with the position of samplen the

& Y e oo state diagram, Fig. 1, of our system&#0.09[21].

Z ook | o 1 . Heuristically, we may begin to make sense of log-time
0.98 - ¥ . % S decays as follows. At high enough volume fraction, the av-
aoile 2 ¢ erage distance between neighboring particles will decrease to

I L " ¢ a value such that they are always well within the attraction
0.96 - - a range of each othérlf the attraction is strong enough, the
0.95' I restriction of particle movement due to the neighbor cage

08 | | | | | | | | | and the restriction caused by bonding between particles take

10° 10° 107 10° 100 1° 100 10° 100 100 10° place simultaneously at all times. This competition between
@R)’T, (5)

FIG. 13. DSFs at the peak of the SSF for samglds. All ln our system the estimated distance between particles for
samples decay much slower than at lgwSamplel shows a loga-  samplesl-K (¢=0.64) from random close packp(.,=0.69) is
rithmic decay for about 3 decades in scaled time. Samplsd K (Prcp! P) 13=1 .03~ 1+ £/3, where the attractive potential is half of
develop very high plateau@sey. the maximum depth.
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) FIG. 16. The DSFs of samplés-H at differentg. The vertical
FIG. 15' The DSFs Of_ Sampl@f'E at dlfferer_ltq. The rate of axes span different ranges. Samplalid not show a point of in-
decay varies in the opposite directionSq) (cf. Fig. 2. However,  gaction hutG andH have very high points of inflectiohorizontal

all samples decay to zero at approximately the same scaled timﬁnes) the values of which are used in Figs. 9 and 18
Except for sampleC at the lowesty, all other DSFs do not show ' ' '
two distinct relaxation processes as other dense fluids. cerns the intermediate-time dynamics of the attractive

. . o lassesF-H (insets, of Fig. 18 The significance of the
two opposite mechanisms may lead to a broad distribution o?ather complicatedy dependence of the intermediate-time
decay times and therefore a very stretched out DSF. dynamics of these samples is not clear. Nor do we know of

any detailed calculations to date that can throw light on this
issue.

In this section, we show for completeness the dynamics of The systematia}-dependent data shown in Figs. 14-17
each sample at different scattering vectors in Figs. 14—17allow us to investigate the-dependence of the measured
The change of DSFs with in repulsive glasseA andB are  non-ergodicity paramete™)(q,) in detail. The measured
in agreement with previous woik,39]. Other samples show nonergodicity parameters of glassy samples8, G, andH
the general trend that the dynamics become slower at scaére shown as a function of scattering veaon Fig. 18. The
tering vectors with higheS(q). The only exception con- data for repulsive glasses A allvary essentially with the

static structure factor, as observed in hard-sphere glasses
[39]. Attractive glasse& andH on the other hand showed
2Formally, ar* distribution of decay times gives a decay linear €xtremely high measured nonergodicity parameters that
in log. Limitations in our data mean, however, that we cannot uséhardly vary withg. This agrees with predictions by MQEf
them to back out the actual decay-time distribution in our samplesFig. 8 in[17]).

2. Constant compositions, variable scattering vectors
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FIG. 18. The measured nonergodicity parameters of sandples
B, G, andH as a function of scattering vectgr(point9, and the

e —— \ A |
S, 0.6 :
L - 1 2
: A
. A
A
. ! ",~ A

. static structure factor of sampk (line) for comparison. The non-
: ql;j'gg kS ergodicity parameters of repulsive glasgeandB follow the static
| | ! . 3*11:3.86 ’: sFructure factor, whereas th_ose of the attractiye glass are extre_mely
07 10 10 qR=4.03 % high apd hardly fluctuate with (upper panel with expanded verti-
R T S T R Y ¢ cal axis.
sample K
same time, the attraction slows down the particle dynamics.
o™ We found that the repulsive glass melts when the character-
istic time of the attraction-dominated particle dynamics be-
comes comparable to that of cage opening. The resulting
ergodic fluid shows a distinctive dynamical feature: despite
the fluid’s high density, its DSF does not show distincand
— BB relaxation processes. Increasing the attraction further leads
e gR=1.50 _ i .
« qR=293 to different kind of arrest where the strong attraction between
| | | s q*R=3.92 particles create Iong—lived bonds and prevent structural rear-
P 1 1 e qR=4.03 X rangement, giving rise to an attraction-dominated glass. De-
. . . | | | | . . tailed light scattering has been used to probe the effect of
Ca—

attraction on both structure and dynamics.

Qualitatively, this scenario agrees well with predictions
from MCT calculationgwith those reported in Ref21] be-

FIG. 17. The DSFs of samplds J, andK at differentg. The  ing closest to the present experimental systdmparticular,
insets show the same quantities with expanded vertical axes. Thge observed very slow, log-time dynamics in the DSFs in the
relaxations show similar behavior at all wave vectors except at th?egion where the two glass transition lines are expected to
peak ofS(q). Samplel decays to a logarithmic section and then meet. Quantitatively, however, our results stand as a chal-
appears to turn up to a plateau. Sampihows a very long section |ange to MCT(or any other theory the detailed calculations
of logarithmic decay. Sampl¢ is similar toJ with a shorter stretch needed for direct quantitative comparison have not, to our
of logarithmic decay. In the early decay at the peaks(d), the knowledge, been performed.

DSF of sampld has a long strc_atch of logarithmic decay, whereas A detailéd comparison between experiment and theory
samples) andK develop very high plateaus. faces a number of nontrivial problems. First and foremost,
since calculated and measured glass transition thresholds dif-
fer, choices exist as to what constitute “corresponding state

We have studied a dense system of hard-sphere colloidgoints” for the purpose of making the comparison. In the
with a short-range interparticle attraction induced by thecase of pure hard spheres, whetd“'~0.52 and ¢
depletion effect of added nonadsorbing polymer. The ob=0.58, it is accepted practice to compare measurements and
served crystallization behavior as well as particle dynamicgalculations at the same relative volume fractiog (
studied by DLS reveal a reentrant glass transition. With little— ¢,)/ ¢4 [4]. The situation is more complex in a colloid-
attraction, the system at high enough volume fraction ipolymer mixture, since a state point is now specified by the
“stuck” in a repulsive glassy state where the arrest is due tadensities of both components. The predicted glass transition
caging by neighboring particles. Our data support the suglines show quantitative disagreement with experiments over
gestion[14] that attraction causes particles to cluster, thushe whole composition planécf. Fig. 1 in Ref.[18]). To
opening up holes in the cages and melting the glass. At theompare calculated and measured SSFs and DSFs, a protocol

@R)’T, (5)

IV. CONCLUSION
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for identifying corresponding state points is needed. [23] are responsible for the final decays of the dynamics in
Second, the attractive interaction between two particles isur attractive glasses and their aging behavior, ultimately
always specified directly as a potential energy in calculaavoiding the MCT “divergence? It is probable that further
tions. The corresponding experimental variable is the polystudy of this phenomenon in our model colloid-polymer mix-
mer concentration in the free volumel®®. This is currently  ture should throw significant light on this intriguingnd
guessed using an uncontrolled and untested approximatiqgeneri¢ phenomenon.
based on scaled-particle thed§], and is likely to lead to
large systematic errors in systems with high colloid volume
fractions. Third, the marked and complex aging behavior of ACKNOWLEDGMENTS
the attractive glasses complicates the definition of a noner-
godic state for the purposes of comparing with MCT. Despite K.N.P. was funded by a UK ORS award and the Univer-
these potential difficulties, however, our data suggest that ity of Edinburgh. Partial financial support for experimental
may be worthwhile performing a series of calculations atequipment came from EPSRC Grant No. GR/M92560. We
fixed ¢ and increasing attraction crossing the reentrant gaghank Matthias Fuchs, Michael Cates, Antonio Puertas, Jo-
in between the repulsive and attractive glass transition lineaan Bergenholtz, and Francesco Sciortino for illuminating
for a system of hard spheres interacting with something likeliscussions during various stages of this work, and Michael
an Asakura-Oosawa potenti#1]. Cates also for commenting on the manuscript.
Finally, it is clear that attractive and repulsive glasses
show qualitatively different aging behavior. Classical MCT
does not predict aging, but it is a generic feature of experi- 3The ideal MCT glass transition is formally a mathematical sin-
mental glasses of all kindg37]. A number of theoretical gularity at which various quantities diverge. In particular the diver-
approaches are emerging, and simulation is a valuable tool. ffence of the relaxation time treanslates into a nondecaiigg)
is possible that the activated processes seen in simulationgth strictly finite f(q,=).

[1] C.A. Angell, Science267, 1924(1995. [18] K.N. Pham, A.M. Puertas, J. Bergenholtz, S.U. Egelhaaf, A.
[2] P.N. Pusey and W. van Megen, Natufleondon 320, 340 Mousséld, P.N. Pusey, A.B. Schofield, M.E. Cates, M. Fuchs,
(1986. and W.C.K. Poon, Scienc296, 104 (2002.
[3] P.N. Pusey and W. van Megen, Phys. Rev. L&8, 2083 [19] A. Puertas, M. Fuchs, and M.E. Cates, Phys. Rev. 188t.
(1987). 098301(2002.
[4] W. van Megen and S.M. Underwood, Phys. Rew%¥; 4206  [20] T. Eckert and E. Bartsch, Phys. Rev. L&, 125701(2002.
(19949. [21] J. Bergenholtz, W.C.K. Poon, and M. Fuchs, Langmléx
[5] U. Bengtzelius, W. Gize, and A. Sjtander, J. Phys. A7, 4493(2003.
5915(1984). [22] F. Sciortino, P. Targaglia, and E. Zacarelli, e-print,
[6] W. Gatze and L. Sjogren, Rep. Prog. Phgs, 241 (1992. cond-mat/0304192.
[7] D. Rudhardt, C. Bechinger, and P. Leiderer, Phys. Rev. Lett[23] E. Zacarelli, G. Foffi, F. Sciortino, and P. Tartaglia, Phys. Rev.
81, 1330(1998. Lett. 91, 108301(2003.
[8] S. Asakura and F. Oosawa, J. Chem. Pi%.1255(1954). [24] W.C.K. Poon, J. Phys.: Condens. Matfet, R859(2002.
[9] H.N.W. Lekkerkerker, W.C.K. Poon, P.N. Pusey, A. [25] W.C.K. Poon, K.N. Pham, S.U. Egelhaaf, and P.N. Pusey, J.
Stroobants, and P.B. Warren, Europhys. L2€. 559 (1992. Phys.: Condens. Matter5, S269(2003.
[10] S.M. llett, A. Orrock, W.C.K. Poon, and P.N. Pusey, Phys. Rev.[26] L. Antl, J.W. Goodwin, R.D. Hill, R.H. Ottewill, S.M. Owens,
E 51, 1344(1995. S. Papworth, and J.W. Waters, Colloids Surf, 67 (1986.
[11] W.C.K. Poon, A.D. Pirie, and P.N. Pusey, Faraday Discuss[27] S. Auer, W.C.K. Poon, and D. Frenkel, Phys. Rev.6E
101, 65(1995. 020401(2003.
[12] W.C.K. Poon, L. Starrs, S.P. Meeker, A. Moussaid, R.M.L. [28] P.N. Pusey and W. van Megen, J. Chem. P8@. 3513
Evans, P.N. Pusey, and M.M. Robins, Faraday Discli$8. (1984.
143 (1999. [29] G.C. Berry, J. Chem. Phyd4, 4550(1966.
[13] J. Bergenholtz and M. Fuchs, J. Phys.: Condens. Mdfter [30] P.G. Bolhuis and D.A. Kofke, Phys. Rev.3, 634 (1996.
10171(1999. [31] P. Bartlett, J. Chem. Phy407, 188(1997.
[14] J. Bergenholtz and M. Fuchs, Phys. Re\6% 5706 (1999. [32] P.N. Segre W. van Megen, P.N. Pusey, K. Sthel, and W.
[15] L. Fabbian, W. Gtze, F. Sciortino, P. Tartaglia, and F. Thiery, Peters, J. Mod. Op#2, 1929(1995.
Phys. Rev. B59, R1347(1999. [33] A. Moussad and P.N. Pusey, Phys. Rev.6B, 5670(1999.
[16] F. Mallamace, P. Gambadauro, N. Micali, P. Tartaglia, C. Liao,[34] K. N. Pham, S. U. Egelhaaf, A. Moussaiand P. N. Pusey
and S.-H. Chen, Phys. Rev. Le&4, 5431(2000. (unpublisheg

[17] K. Dawson, G. Foffi, M. Fuchs, W. Gpe, F. Sciortino, M.  [35] W.C.K. Poon, J.S. Selfe, M.B. Robertson, S.M. llett, A.D. Pi-
Sperl, P. Tartaglia, T. Voigtmann, and E. Zaccarelli, Phys. Rev. rie, and P.N. Pusey, J. Phys.3] 1075(1993.
E 63, 011401(200). [36] T. Eckert and E. Bartsch, Faraday Discuk23 51 (2003.

011503-12



GLASSES IN HARD SPHERES WITH SHORT-RANG. . . PHYSICAL REVIEW E 69, 011503 (2004

[37] J.-P. Bouchaud, irSoft and Fragile Matter and Nonequilib- [39] W. van Megen, S.M. Underwood, and P.N. Pusey, Phys. Rev.
rium Dynamics and Metastability and Flowsdited by M. E. Lett. 67, 1586(1991).
Cates and M. R. Evans, Scottish Universities Summer Schodl40] W. Schaert and H. Sillescu, J. Stat. Phyg, 1007 (1994).
in Physics (Institute of Physics Publishing, Bristol, 2000 [41] B. Widom, Sciencel57, 375 (1967).

pp. 285-304. [42] P. N. Pusey, inLiquids, Freezing and the Glass Transitjon
[38] W. van Megen, T.C. Mortensen, S.R. Williams, and J.lIety edited by J.-P. Hansen, D. Levesque, and J. Zinn-Justin
Phys. Rev. B58, 6073(1998. (Elsevier, Amsterdam, 1991Chap. 10, pp. 764-942.

011503-13



